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Abstract
A few exact results concerning topological currents in field theories are obtained. It is
generally shown that, a topological charge can not generate any kind of symmetry trans-
formation on fields. It is also proven that, the existence of a charge that does not generate
any kind of symmetry transformation on fields, has to be of topological origin. As a conse-
quence, it is found that in a given theory, superconductivity via Anderson-Higgs route can
only occur if the gauge coupling with other fields is minimal. Several physical implications
of these results are studied.
1 Introduction
Topological aspects are central to several problems in quantum field theory. In study of problems
related to monopoles, instantons, anomalies and σ-models, ideas of topology are indispensable
[1, 2, 3]. Insights based on topology are useful in the understanding of various phenomena in
areas like superconductivity, Hall effect, QCD and cosmology [4, 5, 1]. It has been generally
seen that topology often governs the global aspects in a given field theory, and provides with
information which is non-perturbative in nature.
In this paper, we study aspects of currents which are of topological origin, and are conserved
without resort to any symmetry principle. It is generally proven that, topological charges do
not generate any symmetry transformation on the dynamical fields of the theory. Conversely,
it is also proven that, if there exists a charge that does not generate any transformation on the
dynamical fields of the theory, then the corresponding current must be topological in nature.
One of the interesting implication of these statements is that, topological spontaneous symmetry
breaking is non-existent. As a result, it is found that in a given theory, superconductivity
via Anderson-Higgs route can only occur if the gauge coupling is minimal. This has several
consequences in condensed matter and nuclear physics. Occurrence of topological currents in
certain non-relativistic models are also studied and their physical relevance pointed out.
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2 Topological currents
As is well known, the dynamics of a given (classical) field theory of a field φ(x), defined in n+1-
dimensional space-time, is governed by the equation of motion, which follows from extremisation
of the action functional, S =
∫
dVxdtL (x, φ(x), ∂φ(x))
1 as per the Hamilton’s principle. Given
such a theory, classical Noether theorem [7, 8, 9] dictates that, if continuous transformation of
that of coordinates (xµ → xµ + δxµ), fields (φ(x) → φ(x) + δφ(x)) and possibly Lagrangian
(density) (L → L + δL ), is such that action transforms as: S → S + ∫ dV dt dµΛµ, then
correspondingly there exists a current jµ in the theory, such that dµj
µ = 02. Further, if the
current ~j(x) decays sufficiently fast as |~x| → ∞ then charge Q = ∫ dV j0(x) is conserved under
time evolution dQdt = 0. Assuming that the passage from this Lagrangian configuration space
description to Hamiltonian phase space description is non-pathological, charge conservation now
can be stated as: ∂Q∂t + {Q,H} = 0, where the second term stands for Poisson bracket of Q
and Hamiltonian H of the theory. In this description, one finds that charge Q indeed gener-
ates transformations δF (φ, π) = ǫ {F (φ, π), Q}, on any function F of field φ and its canonical
momentum π, which are precisely the ones that give rise to the conserved current: dµj
µ = 0
via Noether theorem [11]. It must be noted that current jµ(x) is a function of dynamical fields
φ(x) and π(x), and the statement dµj
µ = 0 holds true only for those field configurations which
solve equation(s) of motion [9]. Such statements are often referred to in the literature as weak
statements [10] and we shall denote them as dµj
µ w= 0.
A simple but instructive example of this appears in the theory of free real scalar field φ(x)
defined in 1+1 dimensional spacetime with action S =
∫
dxdt 12∂µφ∂
µφ. Canonical conjugate of
φ(x) is π = ∂φ∂t , which obeys canonical equal time Poisson brackets: {φ(x, t), π(y, t)} = δ(x− y).
The equation of motion for φ field is: ∂2φ = 0. As is evident, above action is invariant under
continuous field transformation: φ→ φ+ constant, and so as per Noether theorem one obtains
a current jµ = ∂µφ, which is conserved ∂µj
µ = ∂µ∂
µφ = 0. Note that the current conservation
equation itself coincides with equation of motion and so current conservation only holds as long
as φ(x) obeys equation of motion. Hence, the statement of current conservation is a weak
one: ∂µj
µ w= 0. Also note that conserved charge Q =
∫
dx π(x), generates field transformation
δφ(x) = ǫ {φ(x), Q} = ǫ, where ǫ is a real infinitesimal.
Unlike the above mentioned Noether currents, there exist another class of currents called
topological currents, which are conserved due to topological reasons. Their conservation is not
in reference to any particular action or Hamiltonian under consideration, and holds identically
in general3. An example of such a current, in case of real scalar field in 1 + 1 dimensional
space-time is: jµT = ǫ
µν∂νφ. It is clear that the conservation of this current is not dependent
on any particular form of action, and neither is φ(x) required to obey the equation of motion.
Also note that the conservation is insensitive to space-time geometry as well, since ∂µj
µ
T = 0 is
independent of metric.
In what follows, we shall work with following definition of topological current:
Definition. In a given field theory, a topological current jµT , which is in general a function of
1Throughout this paper we shall denote n-dimensional spatial volume element by dVx = dx1dx2 · · · dxn.
Sometimes for brevity subscript may be dropped in dVx. Our metric convention is ηµν = diag(1,−1,−1, · · · ,−1).
Throughout this article, the notations and conventions of that of Itzykson and Zuber [6] are followed, unless
mentioned otherwise.
2Here d
dxµ
= dµ stands for total derivative with respect to x
µ, which takes into account both implicit and
explicit xµ dependence, unlike ∂µ which is only concerned with explicit x
µ dependence [10, 8]. For example:
dµf(x) = ∂µf(x) and dµf(x, g(x)) = ∂µf(x, g(x)) + dµg(x)
∂
∂g(x)
f(x, g(x)).
3Olver [9] refers to such conservation laws as null divergences, and proves a theorem which shows their
connection with Poincaré lemma. For discussions on the role of topology in this context, readers are referred to
Ref. [1].
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coordinates, dynamical fields and possibly of the derivatives of dynamical fields, is a conserved
current, whose conservation holds identically: dµj
µ
T
s
= 0.
Such topological conservation, hence, holds in the strong sense, in contrast to weak sense
defined above, and holds true for all dynamical field configurations, which in general do not
solve equations of motion of the theory.
Since conservation of these topological currents is not in reference to any particular equation
of motion, it is easy to see that, they are not connected to any continuous field transformation.
This fact can be expressed as:
Theorem 1. Assume that there exists a relativistic field theory of a dynamical field φ(x), which
is Poincaré invariant. Let π(y) denote canonical momentum corresponding to φ(x), obeying
canonical Poisson bracket 4 {φ(~x, t), π(~y, t)} = ±δ(~x−~y). If there exists a conserved topological
current JµT in such a theory, then the corresponding conserved charge QT =
∫
dV J0T does not
generate any transformations: {QT , φ(x)} = 0 and {QT , π(x)} = 0.
Proof. From the definition of topological current, it immediately follows that the current JµT is
strongly conserved: dµJ
µ
T
s
= 0. Equation of motion for any observable O(x, φ(x), π(x)) can be
written as [13]:
dµO = ∂µO + {O,Pµ} ,
where Pµ are generators of space-time translation, with P0 = H, the Hamiltonian of the theory,
and ~P =
∫
dV π~∇φ. By virtue of above equation of motion, one can write current conservation
as:
dµJ
µ
T = ∂µJ
µ
T +
{
JµT , Pµ
}
= 0. (1)
But since topological current is strongly conserved, the conservation holds even if the theory is
defined with modified Hamiltonian H˜:
dµJ
µ
T = ∂µJ
µ
T +
{
JµT , P˜µ
}
= 0. (2)
This immediately implies:
{
H − H˜, J0T
}
= 0. Considering the case when H − H˜ = ∫ dVy φ(y),
such that x0 = y0 = t, one finds that:
∫
dVy
{
φ(~y, t), J0T (~x, t)
}
= 0. Owing to translational
invariance one has:
{
φ(~y, t), J0T (~x, t)
}
= F (~y−~x, t), where ∫ dVy F (~y−~x, t) = 0. Exploiting the
translational invariance of measure, this can be written as:
∫
dVy F (~y, t) = 0 =
∫
dVy F (~z+~y, t),
where ~z is an independent constant vector. This can be rewritten as:
∫
dVy
{
φ(~z, t), J0T (~y, t)
}
= 0,
or {φ(~z, t), QT } = 0. Working along similar lines, but now considering the case when H − H˜ =∫
dVy π(y), it follows that {π(~x, t), QT } = 0.
It can be easily seen that a similar statement will also hold true for the case of quantised
theory, that is, commutator of topological charge operator QT with dynamical field operators is
always vanishing: [QT , φ(x)] = 0, [QT , π(x)] = 0. This fact was observed by Ezawa [14] in
context of a particular model, leading to topological superselection rules in such theories [15].
Later Shamir and Park offered a general proof for this statement [16]; however in the proof it
was assumed that the topological current can always be written in a certain form. Above proof is
more general, as it overcomes such an assumption. Interestingly, one notes that {H,QT } = 0, for
4Here and thorughout this paper, we shall work with generalised Poisson brackets, which are defined for both
commuting and anticommuting c-number fields, as in Ref. [12].
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any Hamiltonian H. From Hamilton’s equation (Heisenberg equation in quantum case) one finds
that ∂QT∂t = 0, which states that topological charges can not have any explicit time dependence.
Although above theorem was proven assuming that field φ(x) is a single component object,
it is straightforward to see that it will also hold, when field φ(x) in general is a multi-component
field. Apart from 1 + 1 dimensional real scalar theory discussed above, another example of this
theorem is given by the nonrelativistic theory of bosons, living on a line, governed by complex
field ψ(x, t). Such a theory admits three conserved topological currents: (a) j0 = ∂x(ψ+ψ
†), jx =
−∂t(ψ + ψ†); (b) j0 = −i∂x(ψ − ψ†), jx = i∂t(ψ − ψ†) and (c) j0 = ∂x(ψ†ψ), jx = −∂t(ψ†ψ).
Corresponding conserved charges are given by Q1 =
∫
dx∂x(ψ+ψ
†), Q2 =
∫
dx i∂x(ψ
†−ψ) and
Q3 =
∫
dx ∂x(ψ
†ψ). Owing to canonical commutation relations: [ψ(x, t), ψ†(y, t)] = δ(~x − ~y),
one sees that [Q(1,2,3), ψ(x, t)] = 0, irrespective of the form of Hamiltonian.
Yet another example of above theorem, in case of fermions, is given by quantised field theory
of spinor field Ψ(x); where the conserved current, Jµt = ∂ν(Ψ¯σ
µνΨ), (σµν = i2 [γ
µ, γν ]) is a
topological current. The topological charge Q =
∫
dV ∂ν(Ψ¯σ
0νΨ) commutes with both Ψ(x)
and Ψ†(x), owing to equal-time anticommutation relation:
[
Ψ(~x, t),Ψ†(~y, t)
]
+
= δ(~x − ~y). In
this light, it is very interesting to note that, the conserved charge current Jµ = Ψ¯γµΨ, which
is the Noether current corresponding to U(1) phase invariance Ψ → Ψ eiθ (where θ is a real
constant), can be written using Gordon decomposition [17] as:
Jµ =
i
2m
(
Ψ¯∂µΨ− ∂µΨ¯Ψ)+ 1
2m
∂ν
(
Ψ¯σµνΨ
)
.
The first term in above expression is the orbital current or the diamagnetic term, whereas
the second term is the spin term or paramagnetic term, which is topological. Correspond-
ingly, Noether charge Q =
∫
dV J0 has two components, first one corresponding to orbital
current: Qo =
∫
dV i2m
(
Ψ¯∂0Ψ− ∂0Ψ¯Ψ) and second one corresponding to topological current:
Qt =
∫
dV 12m∂ν
(
Ψ¯σ0νΨ
)
. From this decomposition it is clear (as per Theorem 1) that, the
U(1) symmetry transformation is actually generated by Qo, since Qs can not give rise to such
transformation. This is an important result, which tells us that, although Noether theorem
provides us with an expression for the conserved charge, such a conserved charge may contain
in general a contribution due to topological charges. As per Theorem 1 such a contribution is
harmless as far as symmetry properties are concerned.
It is worth mentioning that the above theorem also holds for gauge theories, which can be
elegantly seen in case of Abelian gauge field Aµ defined in 2 + 1 dimensional spacetime. Such
a theory admits a topological current: JµT = ǫ
µνρFνρ, with topological charge QT =
∫
d2x ǫijFij
(here Latin indicies take values 1, 2). Note that conservation of topological charge is independent
of gauge choice. In covariant gauge, the equal time commutator is [Aµ(x), Fij(y)]x0=y0 = 0, hence
one has [QT , Aµ] = 0. Similarly in axial gauge (A0 = 0), one has [Ai(x), Fjk(y)]x0=y0 = 0 and
hence [QT , Ai] = 0.
An important implication of Theorem 1 is regarding Poincaré invariance of the theory. It is
a well known fact that canonical energy-momentum tensor Θµν in a relativistic quantum field
theory, obtained using Noether theorem is conserved ∂µΘ
µν = 0 and is in general not symmetric
Θµν 6= Θνµ. It was shown by Belinfante that canonical energy-momentum tensor can always
be improved by adding a specifically constructed term ∂ρχ
ρµν (where χρµν = −χµρν), such that
improved energy-momentum tensor T µν = Θµν + ∂ρχ
ρµν , is symmetric T µν = T νµ [1, 18]. By
construction ∂µ(∂ρχ
ρµν) = 0 identically, which ensures conservation of the improved energy-
momentum tensor ∂µT
µν = 0. This results in modification of canonical angular momentum
tensor Mµνρ to improved angular momentum tensor Lµνρ = Mµνρ + ∂ση
σµνρ, where η is anti-
symmetric in first two indicies, and can be written in terms of χ. In a given theory, if the charges
constructed out of canonical energy-momentum and angular momentum tensors, obey Poincaré
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algebra, then the theory is said to be Poincaré invariant. Now consider a given theory, where the
charges constructed out of canonical energy-momentum and angular momentum tensors, obey
Poincaré algebra. However, when one constructs charges out of improved energy-momentum
and angular momentum tensors, one wonders whether these are guaranteed to obey Poincaré
algebra in general or not. In other words, is it possible that for some theory, the improvements
may spoil Poincaré invariance of the theory ? As mentioned above, both the improvements,
respectively to energy-momentum and angular momentum tensor, are topological currents. The
charges constructed out of improved tensors will differ from the canonical one by a contribution
coming from the topological part, which by Theorem 1, would not contribute to any commuta-
tion relations, and hence can not spoil Poincaré invariance of the theory. It is worth emphasising
that, this conclusion also holds in general, that is, under any redefinition of a conserved Noether
current by addition of a topological current, the commutation relations amongst Noether charges
remain unaffected.
Above assertion also implies that, if in a theory the energy-momentum tensor itself is con-
served topologically, then such a theory is non-dynamical. Chern-Simons theory defined in 2+1
dimensional space-time with action: L = ǫµνρAµFνρ, is an instructive example of this [19]. For
this theory, the canonical energy-momentum tensor θµν vanishes identically and hence is con-
served topologically (as per our definition). The improved energy-momentum tensor, in general,
will be of the form T µν = ǫµνρ∂ρφ (where φ(x) is some function whose exact form is irrelevant
in this discussion), which is also a topologically conserved current. As is evident, both the
energy-momentum tensors lead to same conclusion that, the theory is non-dynamical.
From above discussion it is clear that, the complete set of conserved currents can be divided
into exactly two equivalence classes: Noether currents and non-Noether or topological currents.
Note that for any conserved charge Qi in the theory, charge λQi is also conserved, for each
λ ∈ R. Further, a linear combination of any two conserved charges Qi,j, λ1Qi + λ2Qj is also a
conserved charge, for all λ1,2 ∈ R. From these two properties (which are vector addition and
scalar multiplication), it easy to see that, the set of all conserved charges, for a given theory,
form a linear vector space V under addition, and over field R. Interestingly, since addition of two
topological charges is also a topological charge, and zero charge (which is the identity element) is
topological, one sees that the set of conserved topological charges itself forms a vector space T,
which is a subspace of V. Note that, all the Noether charges live in Tc, which is the complement
of T and a subset of V. Further, any two Noether charges which differ by a scalar multiple or an
element in T generate same transformation. So it is imperative that, one identifies all elements
in V which differ from each other by an element in T, defining a quotient space V/T [20]. Now
one can use the fact that, quotient space V/T forms a linear vector space under addition with
field being R, and construct a suitable complete basis set. Elements of such a basis set, each
being a linearly independent Noether charge, will generate a distinct transformation.
In light of above discussions, it worth enquiring whether conserve of Theorem 1 is true or
not. That is, for a given charge (which can be written as surface integral of a current, with
integration being done over a space-like surface) that commutes with all the dynamical fields
of the theory, does it imply that the corresponding current is strongly conserved ? Below it is
shown that the answer to this question is affirmative.
Theorem 2. Assume that there exists a relativistic field theory of a dynamical field φ(x), which
is Poincaré invariant. Let π(y) be the canonical momentum corresponding to φ(x), obeying
canonical Poisson bracket: {φ(~x, t), π(~y, t)} = ±δ(~x− ~y). If there exists a four-vector current jµ
in the theory, such that the corresponding conserved charge Q =
∫
σ dsµj
µ5 does not generate
5Here σ denotes the space-like surface over which the integration is to be done [11], generally taken to be a
constant time surface. Here dsµ stands for oriented area element on the surface σ.
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any transformations: {QT , φ(x)} = 0 and {QT , π(x)} = 0, then the corresponding current is
identically conserved: ∂µj
µ s= 0.
Proof. Since Q commutes (in Poisson bracket sense) with both φ(x) and π(x), it implies that
{QT , f(y)} = 0, where f(y) is some function of φ(y), π(y) and possibly their derivatives, with y
being a fixed coordinate. This implies:
∫
σ
dsµ {jµ(x), f(y)} = 0. (3)
Defining Bµ(x− y) = {jµ(x), f(y)}, this can be written as:
∫
σ
dsµB
µ(x− y) = 0. (4)
Without loss of generality we set y = 0 in what follows. It is reasonable to assume that, the
boundary conditions obeyed by the fields are such that, as |~x| → ∞ the dynamical fields go to
a constant (usually zero) i.e., φ(|~x| → ∞) → c and similarly π(|~x| → ∞) → c′, where c and
c′ are constants. The same can be stated in a covariant manner: φ(xµx
µ → −∞) → c and
π(xµx
µ → −∞)→ c′. As a result of these conditions, functions of dynamical fields, like Bµ(x),
attain a constant value as xµx
µ → −∞. It is beneficial to work in Euclidean space-time, by
performing Wick rotation on all the vectors: A0 → iA0, ~A → ~A. Above boundary condition,
now becomes Bµ → constant, as xµxµ → ∞. This allows us to identify space-time infinity as
a single point for such functions, which amounts to say that such functions are actually living
on a space-time which is topologically a sphere 6. With this identification, above expression (4)
actually becomes a surface integral over a closed space-like surface 7 on the space-time sphere:
∮
σ
dsµBµ(~x, t) = 0. (5)
Using the divergence theorem this can be written as a volume integral over the space-time region
enclosed by the surface: ∫
dV ∂µBµ = 0. (6)
Owing to the generality in the definition of Bµ, above statement can only hold, if ∂µBµ(~x, t) =
0, which in turn implies ∂µjµ(~x, t) = constant. Since Q is a conserved charge, consistency
requires that ∂µjµ(~x, t) = constant = 0. Wick rotating to Minkowski space-time, one finds that
∂µj
µ(x) = 0. Note that in arriving at this result, we have not assumed at any juncture that the
dynamical fields which constitute jµ(x) solve equation of motion, and so current conservation is
a strong equality and holds identically: ∂µj
µ s= 0.
3 Coupling with gauge field
It is well known that in a quantum field theory, in constrast to quantum mechanics, vacuum
in general is not unique [22]. The celebrated Goldstone theorem [23] for a given quantised
field theory of field φ(x) states that, if for a conserved charge Q, the vacuum expectation value
of Goldstone commutator [Q,φ(x)] is nonvanishing 〈vac|[Q,φ(x)]|vac〉 6= 0, then the symmetry
corresponding to charge Q is said to be spontaneously broken in that vacuum, implying existence
of gapless Nambu-Goldstone modes in field φ(x). The same in general holds true for nonvanishing
6Mathematically this is one point compactification [21] of Euclidean space-time Rn to n-sphere Sn.
7This closed space-like surface is also a sphere, albeit of one lesser dimension than the space-time sphere.
6
of vacuum expectation of Goldstone commutator 〈vac|[Q,F (x)]|vac〉 for any composite field
F (φ(x),Π(x)), as in the case of superconductivity [22]. As shown by Nambu [24], the symmetry
associated with charge Q is never lost, but is rearranged and gets manifested in such a vacuum
by presence of Nambu-Goldstone modes [22].
In a given theory, if the symmetry generated by charge Q is spontaneously broken, and if
a gauge field is coupled to the conserved charge Q, then via Anderson-Higgs mechanism, the
gauge field gets gauge invariant mass [22, 25]. In case of superconductivity, it is well known that
Q corresponds to electric charge, and the electromagnetic field becomes massive [22]. Now if
charge Q happens to be a topological charge, then from Theorem 1, one arrives at an interesting
result:
Theorem 3. In a given quantised field theory of some field φ(x), obeying appropriate canonical
(anti)commutation relation: [φ(~x, t),Π(~y, t)]± = ∓iδ(~x− ~y), if there exists a conserved topolog-
ical charge QT , such that the gauge field Aµ only couples to QT , then gauge field Aµ can not
become massive via Anderson-Higgs mechanism in such a theory.
Proof. The proof is straightforward. Note that for topological charge QT , Goldstone commutator
vanishes for both φ and Π: [QT , φ(x)] = 0 and [QT ,Π(x)] = 0 due to Theorem 1. As a
consequence, Goldstone commutator: [QT , O(x)] for any composite operator O(φ(x),Π(x)) also
vanishes. This means that in all possible vacua, there would be no Nambu-Goldstone gapless
mode associated with charge QT , since nonvanishing of vacuum expectation value of Goldstone
commutator is a necessary and sufficient condition for their existence [26, 25]. In absence of this
gapless mode, gauge field Aµ can not attain mass via Anderson-Higgs mechanism.
This conclusion was also obtained in Ref. [16]. This theorem gives rise to several interesting
consequences:
Corollary 4. Consider a theory of massive spinors coupled to a Abelian gauge field,
L = ψ¯(iγµ∂µ −m)ψ + Lint(ψ¯, ψ) + Lg(ψ¯, ψ,Aµ),
where Lint interaction terms involving only spinor fields, whereas Lg stands for gauge-spinor
interaction terms (It is assumed that the net action is gauge invariant under appropriate local
gauge transformations). Further, assume that above Lagrangian is invariant under symmetry
transformation ψ → ψe−iθ, where θ is a real parameter. Then in such a theory, gauge boson can
gain mass via Anderson-Higgs mechanism, only if there is minimal coupling ψ¯γµψAµ between
fermions and gauge field.
Proof. Above theory possesses only one internal symmetry, which is generated by conserved
Noether charge Q, corresponding to current ψ¯γµψ. Hence existence of any other conserved
current in this theory has to be of topological origin8. Now if gauge field is only coupled to
any of such topological currents, then as per Theorem 3, gauge field can not get mass via
Anderson-Higgs route.
It is straightforward to see that a similar result will also hold if one has non-Abelian gauge
field coupled to fermions. As is evident this corollary puts severe constraint on the type of
theory one can construct involving massive gauge bosons, where gauge boson mass comes via
Anderson-Higgs route. In particular, this corollary has an interesting consequence for non-
minimally coupled QED in 3 + 1 dimensional spacetime:
L = ψ¯(iγµ∂µ −m)ψ + gψ¯σµνψFµν + Lint(ψ¯, ψ),
8Here we are not considering currents which are conserved due to space-time symmetries.
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where Lint represents other interaction terms involving only spinor fields. Here the gauge field
couples to conserved spin current Jµ = ∂ν(ψ¯σ
µνψ) which, as noted before, is topological. In light
of above corollary, this model can not exhibit superconductivity via Anderson-Higgs mechanism.
Such non-minimally coupled models are relevant in context of physics of neutrons, since neutrons
being electrically neutral, can only interact with photons non-minimally [1]. The same also holds
for systems involving Majorana fermions, which are currently studied intensely in context of
condensed matter systems [5, 27]. These results may also have relevance for condensed matter
systems, where the coupling of quasiparticles to electromagnetic field is only via Zeeman term,
for example in models dealing with magnetism and high Tc superconductivity [5].
It is not difficult to see that, similar corollary will hold for any interacting theory of scalar
fields, namely gauge boson can gain mass via Anderson-Higgs mechanism only if scalar field is
minimally coupled to gauge field. A similar corollary will also hold for both nonrelativistic theory
of interactings bosons and fermions in general. Infact, nonrelativistic theory of interacting bosons
living on a line, which was discussed earlier, has found realisation in ultracold atom experiments
[28, 29]. Since the constituent atoms in these experiments are electrically neutral, the effective
theory of bosons arising out of them does not couple to electromagnetic field minimally [28, 30].
In this light, above results will have relevance to these systems as well.
Apart from above theories, similar conclusions will also hold for theories involving antisym-
metric tensor field Bµν (in 3 + 1 dimensions), wherein the coupling between gauge field Aµ and
Bµν , is of B ∧ F form: ǫµνρλBµνFρλ. As is evident this coupling is non-minimal, and the gauge
field is coupled to a topological current. Hence, from Theorem 3, it follows that Aµ can not get
mass via Anderson-Higgs route. However, it is worth emphasing that Aµ can still be massive,
as seen in Ref. [31], without any spontaneous symmetry breaking whatsoever.
Above results, in certain sense, indicate the uniqueness of minimal gauge coupling in quantum
field theory.
4 Extended objects and classical theory
As mentioned earlier, a quantum field theory, unlike quantum mechanics of N-point particles,
can realise different vacua, which are unitarily inequivalent to each other [22, 4]. In many cases,
the system realises a vacuum such that vacuum expectation value of field is non-vanishing and
in general a function of spacetime 〈vac|Φ(x)|vac〉 = f(x) 6= 0. In different context, such space-
time dependent vacua are known by different names like solitons, vortices, kinks, hedgehogs,
monopoles and so on [4]. Generically these are also called extended objects, since function f(x)
is non-vanishing in finite spatial domain, or equivalently has a finite spatial extent.
It is seen in many field theories that the extended objects carry topological charge. To be
more precise, for some topological charge Qtop. in the theory, there exists a particular vacuum
|f(x)〉 such that, Φ(x)|f(x)〉 = f(x)|f(x)〉 and Qtop.|f(x)〉 6= 0. A well known example of such
topological object is a vortex vacuum of real scalar theory in 2 + 1 dimensions, for which the
topological charge Q =
∫
d2x~∇×~∇Φ = ∮c d~r·~∇Φ is non-vanishing [4]. An important consequence
follows from these; in event of instability of a vacuum which has non-vanishing topological
charge, the theory can not realise another vacuum, which has a topological charge different
than the former, since the topological charge is conserved in the theory. Hence topological
charge makes such extended objects extraordinarily stable, and it gives rise to various physical
phenomena [22, 4]. In many cases, such topological objects lead to fermion number and charge
fractionalisation [2, 32].
Above discussion convinces one that, the study of topological charges in vacuum sector
or equivalently in the classical theory is interesting in its own right, and can lead to valuable
information about the theory. As an example, below we study an integrable classical field theory
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model, and show that ideas similar to quantum case, lead to important results regarding solution
space of the theory.
Consider a nonrelavistic classical field theory, living on a line, involving a complex field
ψ(x, t) defined by the Lagrangian:
L =
i
2
(ψ∂tψ
∗ − ψ∗∂tψ)− 1
2
(
∂xψ
∗∂xψ + |ψ|4
)
.
The equation of motion is given by the nonlinear Schrödinger equation [33]:
i∂tψ +
1
2
∂xxψ − |ψ|2ψ = 0,
which appears in diverse areas like optics, plasma physics, hydrodynamics and so on [34, 35].
From the monumental work of Zakharov and Shabat [36], it became known that nonlinear
Schrödinger equation is an integrable system, in the sense that, there exists infinitely many in-
dependently conserved quantities. Integrability of this system has many interesting connections
with two dimensional conformal field theory and gravity [37, 38, 33]. The canonical equal-time
Poisson bracket for this system is given by: {ψ(x, t), ψ∗(y, t)} = iδ(x − y). From the discussion
in section (2) regarding nonrelativistic theory, it is clear that this theory admits, amongst others,
following three topological charges:
Q1 = Re ψ
∣∣∣∣
∞
−∞
, Q2 = Im ψ
∣∣∣∣
∞
−∞
, andQ3 = ψ
∗ψ
∣∣∣∣
∞
−∞
.
It is well known that above equation of motion admits, what is called kink soliton or dark soliton
[39] as a solution:
Ψ(x, t) =
√
n0 [Btanh(ξ) + iA] e
−in0t,
where ξ =
√
n0B(x− A√n0t) and A2 + B2 = 1 (n0, A, B are real parameters). It is straight-
forward to see that, this kink soliton carries Q1 topological charge, infact, Q1[Ψ] = 2, and
Q2,3[Ψ] = 0. Interestingly, however if one considers above solution with an additional overall
phase of −pi2 , then one sees that, Q2[Ψ] = 2, and Q1,3[Ψ] = 0. In any case, this clearly shows
that kink solitons are topological objects, and in general carry charges Q1,2 as defined above. It
is worth mentioning that these solitons are known in the literature since 1970’s and have been
extensively studied both theoretically and experimentally [35, 39, 40], however their topologi-
cal nature was hitherto not understood. From above discussion, one is able to see clearly the
topological nature of these solitons, and the reason behind their stability.
Having shown the topological nature of these kink solitons, a natural question arises: Whether
in one spatial dimension there can be Berenzinskii-Kosterlitz-Thouless transition [41, 42], with
the role of vortices being played by these kink solitons ? The answer to this question turns out
to be negative. As it is shown in the appendix, the energy possessed by the system in a non-
topological constant background state exactly turns out the be the same as that when system
has any arbitrary pairs of kink solitons. This implies that the constant background is unstable
against formation of pairs of kink solitons due to any small external perturbation. Further in
finite temperature case, owing to the periodicity property of multi-kink solution (see appendix),
it can be seen that the free energy will not have any entropic contribution, making this assertion
valid even at non-zero temperature. It must also be pointed out that, dark/kink solitons are
studied in context of physics of ultra cold atoms [39, 43], and their energy has been calculated
using a different method in Ref. [39, 43]. It turns out that, the energy estimated here and found
in Ref. [39, 43] differ. Further it is shown in Ref. [44] that if one follows the latter estimate
then the Berenzinskii-Kosterlitz-Thouless transition can be realised.
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A variety of variants of nonlinear Schrödinger equation also exist in the literature, which
are studied in context of various physical phenomena, which possess such extended solutions as
above mentioned soliton (for example see [45, 46]). Note that since charges Q1,2,3 defined above
are topological, their conservation holds for all variants of nonlinear Schrödinger equation (and
of course for usual linear Schrödinger equation as well). In particular, we would like to point out
that many solutions found in Ref. [47], while studying a certain variant of nonlinear Schrödinger
equation, carry topological charge Q3 unlike kink solitons encountered above.
5 Summary
In this paper, topological currents occuring in field theory (both classical as well as quantum)
are studied. It is proven in generality that, topological charges commute with dynamical fields
in any given theory, with some reasonable assumptions. It is also conversely proven that, if
there exists a charge in the theory which commutes with all the dynamical fields of the theory,
then the corresponding current has to be topological. Interestingly, this implies that unlike
many Noether charges, topological charge can not have any explicit time dependence. As a
consequence of above results, it is seen that, each conserved current can be classified exactly
as either being a Noether current, or a topological current. It is clear that these two currents
are of fundamentally different character, in the sense that, Noether charges generate non-trivial
symmetry transformations preserving the equations of motion, unlike the ones generated by
topological charges which are trivial. This gives rise to many interesting consequences. For
example, any modification of Noether charges by addition of topological charges, does not alter
the algebra of Noether charges, and hence symmetry properties of the theory. This implies that
Noether charges, which differ by a topological charge are equivalent, and the space of all Noether
charges is a quotient space.
It is also proven that, when a gauge field in a given theory, only couples to topological cur-
rents, then the gauge field can never become massive via Anderson-Higgs mechanism. This has
implications to situations where the matter-gauge coupling is non-minimal, like in many models
in high energy and condensed matter physics. However, it must be pointed out that, above
result, in case where it is applicable, do not prohibit existence of gauge boson mass or super-
conductivity. It only tells that gauge boson mass can not arise via Anderson-Higgs mechanism.
However, it is known that gauge boson mass can arise without Anderson-Higgs mechanism, as
for example in Schwinger model, and above result does not negate such a possibility [48, 49].
A connection of extended objects with topological currents is shown, and a nonrelativistic self
interacting model is studied. It is shown that, the well known kink solitons of this model, are
actually topological. Its implications to other variants of this model are also mentioned.
A Soliton energy calculation
The Hamiltonian functional for the one dimensional system discussed in section (4), is given by:
H =
∫
dx
(
~
2
2m
∂xψ
∗∂xψ +
g
2
(ψ∗ψ)2 − µψ∗ψ
)
. (7)
Here, for clarity, we have retained ~ and have also have allowed for parameters like m, g and µ;
and have assumed them to be positive definite. It is easy to see that above functional leads to
following equation for ψ, where ψ is only space dependent :
~
2
2m
∂xxψ − g(ψ∗ψ)ψ + µψ = 0. (8)
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This equation admits a real constant ψ0 as a solution, such that:
ψ∗0ψ0 =
µ
g
; ψ0 =
√
µ
g
. (9)
Energy stored in the system, when system is in this state, can be easily seen to be:
E0 = −µ
2
2g
L, (10)
where L is the system size.
Inorder to find non-trivial solutions to equation (8), it is convenient to rewrite it using
parameters c1 =
2mµ
~2
and c2 =
2mg
~2
, so that it reads:
ψxx + c1ψ − c2ψ3 = 0. (11)
This equation admits real solution, in terms of Jacobi elliptic function sn [50], of the form:
ψ(x) = A sn(
x− x0
α
, k); (12)
where x0 is a real constant, k is the elliptic modulus (0 ≤ k ≤ 1), and real parameters A and α
are given by
A2 =
(
2k2
1 + k2
)
c1
c2
and α2 =
1 + k2
c1
. (13)
As is obvious, the parameter A gives the amplitude of the solution, whereas α defines a character-
istic length scale corresponding to the solution. In general, sn(x, k) function is a periodic func-
tion, and the period is given by 4K(k), where K(k) is the complete elliptic integral of first kind
[50]. For k = 1, elliptic function sn reduces to hyperbolic tangent function: sn(x, 1) = tanh(x),
which has infinite period. As seen earlier, this is the kink soliton or dark soliton. Note that kink
soliton takes value −A (when x→ −∞) to A (when x→∞) passing through zero (at x = 0).
Apart from above single soliton solution, it is also possible to have a two soliton solution,
wherein a kink and an anti-kink are present, so that solution attains the same value as x→ ±∞.
In what follows, we shall assume that our system defined over an interval [−L2 , L2 ], with periodic
boundary condition |ψ(−L2 )|2 = |ψ(L2 )|2, and shall take limit L →∞ in the end. This will not
only play the role of an infrared cutoff, but will also allow us to look at global behaviour of
solutions. As mentioned above, the two soliton solution (of equation (8)) consistent with this
boundary condition is (12), but with period 4K(k) = L/α = V , and located at x0 = K(k)α.
Explicitly this is given by:
ψ2(x) = A sn(
x− x0
α
, k) (14)
where k is such that 4K(k) = L/α. This can be generalised to 2n soliton solution, that is, n
pairs of kink and anti-kinks, by imposing condition 4nK(k) = V on above solution.
Energy stored in the system, when system is in the state corresponding to such 2n soliton
ψ2n, is given by:
E2n =
∫ L/2
−L/2
dx
(
~
2
2m
∂xψ
∗
2n∂xψ2n +
g
2
(ψ∗2nψ2n)
4 − µψ∗2nψ2n
)
. (15)
This can be evaluated to yield:
E2n = −~
2A2k2
2mα
I, (16)
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where I =
∫ V
0 dy sn
4(y, k), with V = 4nK(k). This integral can be straighforwardly evaluated
using properties of elliptic functions, and one finds:
I =
(2 + k)
3k2
V − 2nπ(1 + k)
3k2
. (17)
Now the thermodynamic limit L → ∞ can be implemented by taking k → 1, so that V → ∞,
since K(k → 1) → ∞. Using this result, it is straightforward to see that the energy density of
2n soliton solution is given by:
E2n =
E2n
L
= −µ
2
2g
. (18)
This precisely coincides with the energy corresponding to constant solution ψ0, which shows that
the constant solution ψ0 and 2n soliton solution ψ2n are energy degenerate in the thermodynamic
limit.
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